Abstract. Let D△(n) be the double Ringel-Hall algebra of the cyclic quiver △(n) and letḊ△(n) be the modified quantum affine algebra of D△(n). We will construct an integral formḊ△(n) foṙ D△(n) such that the natural algebra homomorphism fromḊ△(n) to the integral affine quantum Schur algebra is surjective. Furthermore, we will use Hall algebras to construct the integral form
Introduction
The representation of the general linear group GL(n, C) and the symmetric group S r over C are related by Schur-Weyl reciprocity (cf. [21] ). This reciprocity is also true over Z. That is, the natural algebra homomorphisms
are surjective, where U Z (gl n ) is the Kostant Z-form [15] of the universal enveloping algebra U (gl n ) of gl n := gl n (Q), and V is the natural module for U Z (gl n ) (see [3, 4, 6] ). The quantum Schur-Weyl reciprocity between quantum gl n and Hecke algebras of type A in the generic case was established in [14] and the integral quantum Schur-Weyl reciprocity was proved in [7, 9] .
Furthermore, the cyclotomic Schur-Weyl reciprocity between quantum groups and Ariki-Koike algebras was investigated in [2, 20, 1, 12] .
Let D △ (n) be the double Ringel-Hall algebra of the cyclic quiver △(n) over Q(υ), where υ is an indeterminate. Then D △ (n) is isomorphic to the quantum loop algebra U( gl n ) defined by Drinfeld's new presentation (cf. [5, 2.3.5] ), where gl n = gl n ⊗ Q[t, t −1 ] is the loop algebra associated to gl n . In [5, 3.6.3] , it is proved that the natural algebra homomorphism ζ r from D △ (n)
to S △ (n, r) is surjective, where S △ (n, r) is the affine quantum Schur algebra over Q(υ) (with υ an indeterminate). It is natural to ask whether this result is true over any field. Before discussing conjectured in [5, 3.8.6 ] that D △ (n) is a Z-subalgebra of D △ (n). If this conjecture is true, then D △ (n) becomes an integral form for D △ (n). LetḊ △ (n) be the modified quantum affine algebra of D △ (n). Associated with D △ (n), we will construct a certain free Z-submodule ofḊ △ (n), denoted byḊ △ (n), such thatḊ △ (n) = D △ (n) ⊗ Z Q(υ). We will prove in 4.2 and 4.3 thatḊ △ (n) is a Z-subalgebra ofḊ △ (n) and the natural algebra homomorphismζ r fromḊ △ (n) to S △ (n, r) is surjective, where S △ (n, r) is the affine quantum Schur algebra over Z.
Let Ḋ △ (n) (resp., Ḋ △ (n)) be the completion algebra ofḊ △ (n) (resp.,Ḋ △ (n)). We will see in 4.4 and 4.5 that the double Ringel-Hall algebra D △ (n) can be regarded as a subalgebra of Ḋ △ (n) and we have a proper inclusion D △ (n) ⊂ Ḋ △ (n) ∩ D △ (n). Furthermore we will prove in 6.5 that this proper inclusion becomes an equality in the classical case. More precisely, we will use Hall algebras to construct a certain lattice, denoted by U Z ( gl n ), of the universal enveloping algebra U ( gl n ) of gl n . Let Ḋ △ (n) Q (resp., Ḋ △ (n) Z ) be the completion algebra ofḊ △ (n) ⊗ Z Q (resp.,
, where Q and Z are regarded as Z-modules by specializing υ to 1. We will prove in 6.5 that U Z ( gl n ) = Ḋ △ (n) Z ∩ U ( gl n ). Here U ( gl n ) is regarded as a subalgebra of Ḋ △ (n) Q via the map ϕ defined in 6.4. In particular, we conclude that U Z ( gl n ) is a Z-subalgebra of U ( gl n ) and hence U Z ( gl n ) is the integral form of U ( gl n ). As the quantum affine case, there is a natural surjective algebra homomorphism η r :
We will prove in 6.7 that the restriction of η r to U Z ( gl n ) yields a surjective Z-algebra homomorphism
We organize this paper as follows. In §2, we will recall the definition of the double Ringel-Hall algebra D △ (n) and the modified quantum affine algebraḊ △ (n) of D △ (n). We collect in §3 several results concerning affine quantum Schur algebras. In §4 we will construct the Z-submodule D △ (n) (resp.,Ḋ △ (n)) of D △ (n) (resp.,Ḋ △ (n)) and prove in 4.2 thatḊ △ (n) is a Z-subalgebra ofḊ △ (n).
In addition, we will prove in 4.3 that the natural algebra homomorphismζ r fromḊ △ (n) to the integral quantum affine Schur algebra S △ (n, r) is surjective and establish certain relation between D △ (n) andḊ △ (n) in 4.5. In 5.3, we derive certain commutator formulas in D △ (n), which will be used in §6. Finally, we will use Hall algebras to introduce the free Z-submodule U Z ( gl n ) of U ( gl n ), and prove in 6.5 and 6.7 that U Z ( gl n ) is a Z-subalgebra of U ( gl n ) such that the natural algebra homomorphism η r : U Z ( gl n ) → S △ (n, r) Z is surjective. Notation 1.1. For a positive integer n, let M △,n (Q) be the set of all matrices A = (a i,j ) i,j∈Z with a i,j ∈ Q such that (a) a i,j = a i+n,j+n for i, j ∈ Z; (b) for every i ∈ Z, both sets {j ∈ Z | a i,j = 0} and {j ∈ Z | a j,i = 0} are finite.
We will identify Z n △ with Z n via the following bijection
, where υ is an indeterminate, and let Q(υ) be the fraction field of Z.
Specializing υ to 1, Q and Z will be viewed as Z-modules.
Double Ringel-Hall algebras of cyclic quivers
Let △(n) (n 2) be the cyclic quiver with vertex set I = Z/nZ = {1, 2, . . . , n} and arrow set
Let F be a field. For i ∈ I, let S i be the irreducible representation of △(n)
where M i,j is the unique indecomposable representation for △(n) of length j − i with top S i .
We will identify NI with N n △ under (1.1.1). By definition we have
The Euler form associated with the cyclic quiver △(n) is the bilinear form −, − : Z n △ ×Z n △ → Z defined by λ, µ = 1 i n λ i µ i − 1 i n λ i µ i+1 for λ, µ ∈ Z n △ . By [19] , for A, B, C ∈ Θ + △ (n), there is a polynomial ϕ C A,B ∈ Z[υ 2 ] such that, for any finite field
Let D △ (n) be the double Ringel-Hall algebra of the cyclic quiver of △(n) (cf. [22] and [5, Lemma 2.1. The algebra D △ (n) is the algebra over Q(υ) generated by u
and K
±1
i for 1 i n. The algebra U △ (n) is a proper subalgebra of D △ (n) and it is the quantum affine algebra considered in [17, 7.7] .
Combining this with 2.1(2) proves the assertion.
Following [16] we now introduce the modified quantum affine algebraḊ
for 1 i n. Since ν = λ − µ and υ is an indeterminate, there exist 1 i 0 n such that
We define the product inḊ △ (n) as follows.
Then by 2.3 one can check thatḊ △ (n) becomes an associative Q(υ)-algebra structure with the above product.
Affine quantum Schur algebras
For r 0 let S △ (n, r) 1 be the affine quantum Schur algebra over Q(υ) defined in [17, 1.9] .
Recall the set Θ △ (n) defined in 1.
, where
, where υ is an indeterminate. Let S △ (n, r) be the Z-submodule of S △ (n, r)
0, otherwise;
where ro(A) = j∈Z a i,j i∈Z and co(A) = i∈Z a i,j j∈Z (see [17, 1.9] ). In particular, we have
for λ, µ ∈ Λ △ (n, r).
We now recall certain triangular relation in S △ (n, r), which will be needed in §3. First we need the following order relation on Θ △ (n). For A ∈ Θ △ (n) and i = j ∈ Z, let
The following triangular relation in S △ (n, r) is given in [5, 3.7.3] .
Then the following triangular relation holds in S △ (n, r):
where h C,X,j;r ∈ Q(υ).
Using 3.1 one can construct a Z-basis for S △ (n, r) as follows.
The double Ringel-Hall algebra D △ (n) is related to the affine quantum Schur algebra in the following way (cf. [11, 17] 
for all j ∈ Z n △ and A ∈ Θ + △ (n), where t A is the transpose matrix of A and u
For convenience, we set [A] = 0 ∈ S △ (n, r) for A ∈ Θ △ (n, r). Then we have the following commutation formula in S △ (n, r).
Proof. Applying (3.0.2) gives
. This finishes the proof.
Finally, we prove that the map ζ r : D △ (n) → S △ (n, r) induces a natural algebra homomorphisṁ
Proof. Clearly we have
for 1 i n and t > 0, where
where 1 λ = π λ,λ (1) . Clearly by definition we havė
Furthermore by (2.1.1), the set { u
, and prove in 4.3 that the restriction ofζ r :Ḋ △ (n) → S △ (n, r) toḊ △ (n) gives a surjective algebra homomorphism froṁ
where t (C − ) is the transpose matrix of C − and g A,B,C,j ∈ Q(υ)
Proof. Let I = {C ∈ Θ ± △ (n) | f A,B,C,λ = 0}. Then I is a finite set. It is enough to prove J := {C ∈ I | f A,B,C,λ ∈ Z} = ∅. Suppose this is not the case. We choose a maximal element C 0 in J with respect to . Then f A,B,C 0 ,λ ∈ Z. Furthermore, we choose m > 0 such that
Combining this with 3.3 and (4.0.2) yields
Since ζ r ( u It follows from 3.1 that
where t C,C = 1, t C,X = j∈Z n △ h C,X,j;r υ j·(µ−co(X)) for X ≺ C and
This, together with (4.1.1) and the fact that the set {[T ] | T ∈ Θ △ (n, r)} forms a Z-basis for S △ (n, r), implies that that l X ∈ Z for all X ∈ Θ ± △ (n). Thus f A,B,C 0 ,λ = l C 0 ∈ Z. This is a contradiction.
Proof. By (4.0.2) and 4.1 we conclude that
) ∈Ḋ △ (n).
for A 1 , A 2 , B 1 , B 2 ∈ Θ + △ (n) and λ, µ ∈ Z n △ . This proves the assertion.
Corollary 4.3. By restriction, the mapζ r defined in 3.5 induces a surjective algebra homomor-
Proof. Applying 3.6 yieldṡ
Combining this with 3.2 and 4.2 proves the assertion.
We end this section by studying the relation between D △ (n) andḊ △ (n). We define the com- 
where (u
, the right hand side of the above equation is a well defined elements inḊ △ (n). In this way, Ḋ △ (n) becomes an associative algebra. The element λ∈Z n △ 1 λ is the unit element of
Similarly, we may define the completion algebra Ḋ △ (n) ofḊ △ (n). Then by definition, Ḋ △ (n) is the Z-submodule of Ḋ △ (n) consisting of those elements 
Thus Φ is an algebra homomorphism. Now let us prove that Φ is injective. Assume x = A,B∈Θ
where β A,B,j ∈ Q(υ). Then we have
This implies that j∈Z n 
For example we have
we will prove in 6.5 that the proper inclusion (4.5.1) becomes an equality in the classical case.
The commutator formulas for
and K i , for i, j ∈ Z and i < j. Note that
is the indecomposable representation of △(n) for all i < j. We derive commutator formulas between indecomposable generators of D △ (n), which will be used in §6.
For A = (a i,j ) ∈ Θ + △ (n), there is a polynomial a A = a A (υ 2 ) ∈ Z in υ 2 such that, for each finite field F with q elements, a A | υ 2 =q = | Aut(M F (A))| (see [18, Cor. 2 
.1.1]). Furthermore, for
By [5, 2.4.4] we have the following result.
For s < t we let
and set m s,s = 0. For i ∈ Z, letī denote the integer modulo n. 
and A 2 = E △ x,t for some s < x < t, 0 otherwise. since the module M (E △ s,t ) is uniserial. Now the assertion follows from the definition of ϕ
For convenience, we let d(E △ i,i ) = 0 for any i ∈ Z. Fix i < j and k < l. For max{i, k − l + j} s j let
where a s is as in 5.2. Furthermore for i s min{j, l − k + i} let
where b s is as in 5.2. We can now prove the following commutator formulas in D △ (n). Proposition 5.3. Assume i, j ∈ Z, i < j and k < l.
(1) Ifj =l andī =k, then u
Proof. For convenience, we let u
for s < t. This together with 5.2 implies that
where a = max{i, k − l + j} and b = min{j, l − k + i}. Combining this with 5.1 proves the assertion.
The classical (υ = 1) case
Let U ( gl n ) be the universal enveloping algebra of gl n , where gl n = gl n (Q) ⊗ Q[t, t −1 ] is the loop algebra associated to the general linear Lie algebra gl n (Q) over Q. Using Hall algebras, we will construct the Z-form U Z ( gl n ) of U ( gl n ) and prove in 6.5 that U Z ( gl n ) is a Z-subalgebra of U ( gl n ). In addition, we will prove in 6.7 that the natural algebra homomorphism from U Z ( gl n )
to S △ (n, r) Z is surjective, where S △ (n, r) Z = S △ (n, r) ⊗ Z Z is the affine Schur algebra over Z.
Recall the set M △,n (Q) defined in 1.1. We will identify gl n with M △,n (Q) via the following lie algebra isomorphism
Let U + ( gl n ) (resp., U − ( gl n ), U 0 ( gl n )) be the subalgebra of U ( gl n ) generated by E △ i,j (resp., E △ j,i , E △ i,i ), for 1 i n, j ∈ Z and i < j. Then we have 
]). There is a unique injective algebra homomorphism θ
We now use 6.1 to introduce the integral form
, for λ ∈ N n △ , where
where w
Proof. By [15] and [13, 26.4] we conclude that the set
. Now the assertion follows from (6.0.1) and 6.1. (1) Ifj =l andī =k, then 1 λ,1 u
(2) Ifj =l andī =k, then
Mimicking the construction of Ḋ △ (n), let Ḋ △ (n) Q be the Q-vector space of all formal (possibly
1 satisfying the property (F) with a similar multiplication. This is an associative Q-algebra with an identity:
The algebra U ( gl n ) is related to the algebra Ḋ △ (n) Q in the following way (cf. 4.4).
Proposition 6.4. There is an injective algebra homomorphism ϕ :
for i < j and k < l. Furthermore, it is easy to see that U ( gl n ) has a presentation with generators E △ i,j (1 i n, j ∈ Z), and relations:
This, together with 6.3, (6.4.1) and (6.4.2), implies that there is an algebra homomorphism
1 λ,1 , and
Using an argument similar to the proof of 4.4, we can show that there is an injective Q-
for i < j, we see that ϕ • θ ± = ρ ± and hence
Finally, we prove that ϕ is injective. Assume We will identify U ( gl n ) with the subalgebra ϕ(U ( gl n )) of Ḋ △ (n) Q via ϕ, and hence identify 2, Ḋ △ (n) Z is a Z-subalgebra of Ḋ △ (n) Q . We can now prove that U Z ( gl n ) is a Z-subalgebra of U ( gl n ).
Theorem 6.5. We have U Z ( gl n ) = Ḋ △ (n) Z ∩ U ( gl n ). In particular, U Z ( gl n ) is a Z-subalgebra of U ( gl n ).
Proof. Clearly U Z ( gl n ) ⊆ Ḋ △ (n) Z ∩ U ( gl n ). On the other hand, if x ∈ Ḋ △ (n) Z ∩ U ( gl n ), then by for A, B ∈ Θ + △ (n) and µ ∈ N n △ , where, as before, σ(µ) = 1 i n µ i . Using induction on σ(µ), we conclude that k A,B,µ ∈ Z for all A, B ∈ Θ + △ (n) and µ ∈ N n △ , and hence x ∈ U Z ( gl n ). This proves the first assertion. Since Ḋ △ (n) Z is a Z-subalgebra of Ḋ △ (n) Q by 4.2, we conclude that U Z ( gl n ) = Ḋ △ (n) Z ∩ U ( gl n ) is a Z-subalgebra of U ( gl n ).
Finally we will establish affine Schur-Weyl reciprocity at the integral level. Let S △ (n, r) Q = S △ (n, r) ⊗ Z Q and S △ (n, r) Z = S △ (n, r) ⊗ Z Z. For A ∈ Θ ± △ (n) and λ ∈ Λ △ (n, r), let A(0, r) 1 = A(0, r) ⊗ 1 ∈ S △ (n, r) Q and [diag(λ)] 1 = [diag(λ)] ⊗ 1 ∈ S △ (n, r) Q . The following result is due to Combining this with 3.2 and 6.5 proves the assertion.
